Picture changed operators are discussed in N = 2 strings with space-time signature (2, 2). A gauge symmetry algebra is derived in a background of torus space-time T 2,2 and its simple representation on the picture changed operators is given. Simple Ward identities associated with the gauge algebra and their consequences for three and four point amplitudes of arbitrary loops are also discussed.
Introduction
The N = 2 string recently studied in depth in [1] , just as the d = 2 string, is an amusing string model. They both have a relatively simple field content. In the case of the N = 2 string with a flat background R 2,2 , where the superscript (2, 2) indicates the signature of space-time, there is only one space-time scalar [2] . This fact can be easily seen in a direct calculation of the one loop partition function [1] . There are twisted versions of the symmetric string. Still, in those cases, there are only finite many space-time scalars.
Unlike the d = 2 string, however, N = 2 strings have not been studied in a nontrivial background. Possible discrete states are therefore unknown. These potential discrete states will certainly be important to both the study of amplitudes and the study of the unifying structure of the N = 2 string.
It was noted in [1] that the model is simple enough to be integrable. Calculation of four point tree amplitudes shows that they are vanishing. This is related to the fact that the low energy action derived in [1] is indeed an exact action. There are only nontrivial three point tree amplitudes. Despite this, there is still no explicit computation confirming that all higher point tree amplitudes are vanishing. Our work presented here is motivated
by an observation in a recent work [3] that on a compactified background T 2,2 , there are many conserved currents on the world sheet. Ward identities associated to these currents may prove useful in calculating amplitudes. Although a more concrete meaning is to be understood of the off-shell algebra proposed in [3] , a somewhat well-founded algebra can be used to derive associated Ward identities. We take the following definition of conserved charges. They are constructed as an integral along a closed curve on the world sheet and must be BRST invariant. The charge being conserved should not depend on the curve, therefore the current is conserved up to a BRST commutator. To set the framework, we shall study the picture changed operators in section 2. This framework may not seem necessary for our consideration of Ward identities, but it should be useful for study of strings propagating in a general background. It also helps one to avoid any conceptual confusions in deriving Ward identities. The natural operators of interest are those in picture (−1, −1), just as the natural operators of the NS sector in the N = 1 string are those in picture −1.
We then, in section 3, briefly discuss an algebra of conserved charges in a torus background T 2,2 . This algebra is just the gauge algebra of the model in this background. This being so, it follows that there are no other physical states in addition to the known ones. This is still a conjecture but appears very plausible, because the algebra derived this way is closed. We shall not explore a geometric realization of this algebra. The representation of this algebra on the picture (−1, −1) operators is simple. We proceed, in section 4, to discuss a general definition of amplitudes. Though this definition is a bit complicated, while derivation of Ward identities associated with symmetries discussed in section 3 is straightforward based on this definition. The simple Ward identities are then applied to a discussion of three point amplitudes and four point amplitudes of arbitrary loops. Since the structure of Ward identities is independent of the number of loops, any result obtained from these identities is valid at any loops or even nonperturbatively. A large class of four point amplitudes are shown to be vanishing. More results for higher point amplitudes can be obtained by use of Ward identities, though we shall not do so in this paper.
It is straightforward to generalize our approach to asymmetric N = 2 strings and N = 2 heterotic strings [4] .
Picture Changed Operators
As the calculation of the genus one partition function shows, there is only one massless scalar field in the spectrum of the un-twisted N=2 string moving in the flat background R 2,2 . This scalar represents the deformation of the Kähler potential. In this section various versions of vertex operators of the massless scalar will be worked out. The discrete states at zero momentum that appeared recently in the literature [5] will be seen as certain non-singular limit of the BRST invariant operators of finite momenta.
Following Ooguri and Vafa, we introduce two complex coordinates (
with metric dx
The superspace representation is often helpful in doing concrete calculation. Introduce holomorphic world sheet supercoordinates Z = (z, θ
and their anti-holomorphic partners. The left moving superfields are
There are four scalars and four spin 1/2 fermions on the world sheet, and the total central charge of the system is 6 as it must be for a N = 2 critical string. The propagators are
Next write down the supercurrent with components
. Scalar product will be always implicit in formulas.
As in bosonic strings, there is a pair of (b, c) ghost of spin (2, −1), responsible for gauging world sheet reparametrization. There are in addition two pairs of bosonic ghosts (β ± , γ ∓ ) of spin (3/2, −1/2), introduced for two world sheet supersymmetries. Finally, a pair of fermionic ghosts (b,c) of spin (1, 0) for gauging U (1) symmetry. These fields can be nicely organized into two superfields:
The propagators are organized in B(Z 1 )C(Z 2 ) = θ
. Again pretty cumbersome generators of the N=2 superconformal algebra of the ghost system can be included in a simple formula for the
The holomorphic part of the super vertex operator of the massless scalar is
) with on-shell condition pp = 0. Written in components, it reads
The top component V p is of conformal dimension 1 and its combination with the antiholomorphic part V p gives the (1,1) vertex operator. This vertex operator is BRST invariant after integrated over the world sheet. In other words, its commutator with the BRST operator is a total derivative. To show this, it is sufficient to show that [Q,
is a BRST invariant operator of conformal dimension zero. Now the holomorphic part of the BRST operator is Q = dZC(Z)(T (Z) + 1/2T g (Z)), where the super contour integral is defined as dZ = 1/(2πi) dz dθ − dθ + . Q can be divided into three parts: 
Exchanging p andp, we also find
These operators are nothing but representatives of the constant deformations of the metric and antisymmetric tensor field when combined with their antiholomorphic counterparts.
As we learned in the N=1 strings, the natural operators to use in the correlation functions are operators in the −1 picture for the NS operators and the ones in the −1/2 picture for the Ramond operators [6] [7] . In the un-twisted N=2 string, operators can be naturally considered as in the NS sector. Since there are two pairs of (β, γ), the natural picture of operators is then the (−1, −1) picture. In this picture, operators carry γ + ghost number −1 and γ − number −1. To construct these operators, it is necessary to bosonize (β ∓ , γ ± ). As in [6] we introduce two scalars φ ± and two pairs of fermionic (η ∓ , ξ ± ). The bosonization relations are
A simple conformal dimension zero operator in the (−1, −1) picture is
when p is on-shell. This operator is BRST invariant and we denote it by O 
in the (−2, −2) picture. We shall not bother to write it down.
We are interested in its corresponding operator in the (−1, −1) picture. Indeed it can be shown that
Certainly ∂cQ
is BRST invariant. It can be thought of as the conjugate of O (−1)
−p and therefore is not a BRST exact operator. We would like to conjecture that the only BRST cohomology states in the (−1, −1) picture are these two sets of operators. If this conjecture is true, one easily sees that when p 1 +p 2 is off-shell, the product O (−1)
is BRST exact and therefore can be put zero in the BRST cohomology. We conclude that
where c p 1 ,p 2 = p 1p2 −p 1 p 2 . We shall see in the next section that the above structure is similar to the (left) gauge algebra generated by currents V p in the case of torus compactification.
Gauge Symmetries in Background T

2,2
Since the BRST commutator of V p is a total derivative, one attempts to use these currents to construct conserved charges. The problem in the usual flat background R 2,2
is that the left momentum must match the right momentum, thus the conserved charges are not truly conserved charges. As we shall see later, if one uses charges constructed from currents V p and formally derives Ward identities associated to these charges, the nontrivial three point tree amplitudes will violate such Ward identities. The authors of [3] then suggest one instead consider compactified space-time T 2,2 . Now the matching condition for the left momentum p L and the right momentum p R is that (p L , p R ) lies on a self-dual even lattice Γ 4,4 . Now there are many on-shell p's such that (p, 0) are on this lattice. The charges constructed as
Next we make an important conjecture. The only nontrivial BRST cohomology oper- 
This relation is first derived in [3] . We conclude that
This relation is similar to the OPE in (2.9). We should point out that because of the second equality in (3.1), the Lie algebra we just found is different from the one suggested in [3] . Similarly conserved charges Q i and Qī can be constructed from currents
It is necessary to check that (3.1) indeed defines a Lie algebra, namely the Jacobi
is not on-shell, every term in this expression is zero. So the Jacobi identity hold in this case. Suppose p 1 + p 2 + p 3 is on-shell. There are three possibilities. 1. When all three p i + p j , i = j are off-shell, each term is zero in the above expression. 2. Two of p i + p j are on-shell, then the third is on-shell too, for p 1 + p 2 + p 3 is on-shell. The Jacobi identity can be checked readily, using the first equality in (3.1). 3. Only one of p i + p j is on-shell.
Let it be p 1 + p 2 . Now in the Jacobi identity the second term and the third term are zero. 
Amplitudes and Ward identities
As shown by Ooguri and Vafa, except for some non-trivial three point tree amplitudes, all other tree amplitudes should be zero. They explicitly calculated four point tree amplitudes, and proved that due to an identical vanishing kinematical factor all four point three amplitudes are zero. This is consistent with the low energy action which must be exact to all order in perturbations, as argued by these two authors. This argument for vanishing of higher amplitudes is rather indirect and a direct argument is desired. We shall show in this section that on a torus compactification T 2,2 , the Ward identities associated to those conserved charges discussed in the last section actually can be used to derive at least a part result about amplitudes of arbitrary loops. Non-trivial three point tree amplitudes are checked to satisfy Ward identities. A large class of four point amplitudes of arbitrary loops are shown to be vanishing. We have not tried to draw consequences of the Ward identities for higher point amplitudes. It appears that these identities alone do not determine all amplitudes, as being obvious from our discussion about three point amplitudes.
To get a similar result for strings moving in background R 2,2 , one simply takes a limit of certain torus compactification.
Amplitudes
We begin with a definition of amplitudes of loop g. First we shall work on a Riemann surface of genus g. Consider a correlation function of n BRST invariant operators O i , i = 1, . . . , n.
Let the c ghost number of O i be c i , the γ ± ghost number γ ± i and thec ghost numberc i . Since the vacuum associated to a Riemann surface of genus g has respective ghost numbers 6g − 6, 4 − 4g and 2g − 2, the total ghost numbers in the above correlation are
Thus the correlation in (4.1) is not well-defined unless these net ghost numbers be balanced. We then insert a number of surface integrals η a b and their anti-holomorphic counterparts to cancel the c ghost number. Here η a are dimension (−1, 1) Beltrami differentials. Similarly to cancel the γ ± ghost numbers we insert a number of δ( η
(and anti-holomorphic counterparts). η ± are dimension (−1/2, 1) Beltrami differentials.
Finally a number of integrals ηãb (and anti-holomorphic counterparts) are to be inserted to cancel thec ghost number,ηã are dimension (0, 1) Beltrami differentials. Recall that we are dealing with a N = 2 string, the Riemann surface is indeed a N = 2 super Riemann surface [8] . There is a super moduli space of super Riemann surfaces of genus g. Beltrami differentials η, η ± andη indeed represent tangent vectors at a point on the super moduli space. Correlation (4.1) then defines a super form on such super moduli space via
where s, s ± ands are assumed be non-negative integers and the same number of insertions of anti-holomorphic partners are neglected. F n is a closed form on the super moduli space, as can be shown along the line in [9] . Since all BRST invariant operators in the present theory of interest are in the NS sector, the dimension of odd moduli associated to each world sheet gravitino is 4g − 4 + 2n. The dimension of moduli associated to flat U (1) connections is 2g − 2 + 2n. The condition for F n to be a top form on the super moduli space is
The natural candidates of operators that make this condition fulfilled are O i =ccO (−1)
Other operators are not annihilated by b 0 −b 0 2 , a necessary condition for the amplitude to be well-defined [9] . When g > 1, we can choose n of η a to be associated to the moduli of punctures.
The same can be done for η ± andηã. Indeed those n ofηã are chosen such that each of ηãb becomes b with a contour surrounding only one puncture, and this contour integral together with its anti-holomorphic partner turns the corresponding O i into O (−1)
Since these operators carry zero U (1) charge, the integration of the U (1) puncture moduli results in a constant. Hereafter we shall ignore these moduli.
The integration of odd puncture moduli deserves a detailed discussion. Let m ± a be the odd moduli associated to the Beltrami differential η ± a . In a path integral formulation, integration over m ± a will bring down from the action a factor η
is an odd moduli of puncture i, this factor can be written as C i G ∓ , the contour C i surrounds puncture i only. Together with the insertion of delta functions, we obtain a 
This is just the operator O p i , see (2.8) . The integration of even puncture moduli further
A simple application of picture changing operation discussed above to three point tree amplitudes tells us that these amplitudes can be simply calculated as correlation function
We obtain the same formula give in [1] when the left momenta are the same as the right momenta.
Ward Identities
We now employ the conserved charges described in the last section to derive Ward identities. The derivation is very simple, for the current V p does not involve ghosts and has no antiholomorphic component. The same Ward identities can be derived for Q p constructed from V p . Insert the charge C V p into the correlation function in (4.2), C is a contractible contour on the Riemann surface. To get a sensible result, the total momentum is conserved, p + i p i = 0. Homologically deform the contour C into contours C i surround every puncture. There is no problem for the contour to pass through points in the integrations ηb, η ± β ∓ , since the OPE's of V p with ghosts are not singular. Now
and gives either zero when p + p i not null or (1/2)c p,
On the other hand, the result after insertion of the charge must be zero, for initially C is shrinkable. Let S p be the set of all p i with the property that p + p i is on-shell, we obtain a simple Ward identity We should check this Ward identity for three point tree amplitudes. Of course we are interested in the case when S p is non-empty. Say p 1 ∈ S p . Since
is on-shell and so is p + p 3 .
So S p contains all three p i . As we have seen all three amplitudes involved in the Ward identity have the same right momenta and so we can forget about the contribution from the right sector to the amplitudes. It is then easy to show that c p,
Thus the Ward identity holds in this case. The other case is when
is not null and so neither p + p 2 and p + p 3 . S p contains only p 1 . The Ward identity reads c p,p 1 c p+p 1 ,p 2 = 0. This situation is exact the same as in case 3 in our proof of the Jacobi identity in the last section, provided we identify p, p 1 , p 2 here with p 1 , p 2 , p 3 there.
So we have proved that non-trivial three point tree amplitudes satisfy the Ward identity.
Were there a similar Ward identity for three point tree amplitudes in the background R 2,2 , all amplitudes involved would contain matched left and right momenta. In this case an amplitude takes of form c 2 p 1 ,p 2 . It is straightforward to show that the supposed Ward identity is violated.
More can be said about three point amplitudes of arbitrary loops. The identity (4.3) may even be regarded as an identity for non-perturbative amplitudes, since its structure does not depend on the loops. For simplicity let us consider a lattice Γ 4,4 = Γ 2,2 ⊕ Γ 2,2 .
Both Γ 2,2 are even self-dual, and the first is of the left momenta and the second is of the right momenta. So we can work on the left momenta without paying attention to the right ones. Before give a general result for the three point amplitudes, let us state a fact concerning the lattice Γ 2,2 which is proved in the appendix. Given any null vector p on Γ will not do so here.
Conclusions
We have seen in this paper that the study of conserved charges is utmost important in a string model. Not only it is technically helpful in calculating amplitudes, also it is linked to deep principles of the theory. Using those more or less apparent conserved charges, one already can obtain some concrete results about amplitudes. N = 2 strings, just like the d = 2 string which has been studied intensively recently, have a rich structure and more is to be unraveled. They serve as an interesting toy model for understanding deep issues in a realistic string model. Moreover, as already pointed out in [1] , they may be an organizing model of lower dimensional integrable models.
It may be that to get stronger results about amplitudes in N = 2 strings, one should study them in more a complicated background in order to employ more symmetries. One should also interpolate symmetries in different backgrounds as the authors of [3] attempted, and this may be powerful enough to help one to determine all amplitudes. A possible direction is to discuss the dependence of the gauge algebra on moduli associated to marginal operators constructed from "discrete" operators at zero momentum, and find out the whole background independent gauge algebra. Finally, it is straightforward to extend our approach to N = 2 heterotic strings [4] .
